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Abstract
We investigate the features of the non-corrected thermal (non-thermal) spectrum and the quan-
tum corrected thermal (non-thermal) spectrum. We find that: (i) using the quantum corrected
non-thermal spectra, the black hole radiation as tunneling is an entropy conservation process, and
thus black hole evaporation process is unitary; (ii) there are no obvious differences between all
spectra except for near the Planck mass scale by comparing their average emission energies, aver-
age numbers of emissions and average emission energy fluctuations; (iii) the energy covariances of
Hawking radiations for all the thermal spectra are exactly zero, while they are nontrivial for all the
non-thermal spectra. Especially, there are distinctly different maximums of energy covariances for
the temperature-corrected and energy-corrected non-thermal spectra. Consequently, these differ-
ences provide a possible way towards experimentally analyzing whether the radiation spectrum of
black hole is thermal or non-thermal with or without high order quantum corrections.
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2I. INTRODUCTION
A black hole, in quantum sense, is not completely black, which can radiate energies continuously. Fur-
thermore, like the black body radiation, it has a temperature T = κ2pi , where κ is the surface gravity of the
black hole [1, 2]. However, for the thermal radiation spectrum [3, 4], the so called “information loss paradox”
arises, i.e., if the radiation is thermal, there are no correlations between the emitted field quanta, and then one
will lose information about the nature of the matter that originally formed the black hole. More technically,
the complete evaporation of a black hole, whereby a pure quantum state evolves into a thermal state, would
violate the quantum mechanical unitarity. In this regard, it is worthy to note that many groups [5–9] have
attempted addressing this puzzle, but none has been successful. Recently, Parikh and Wilczek [10] pointed out
that Hawking radiation is completely non-thermal if one enforces the energy conservation law. Based on this
idea, Zhang and Cai et al. [11] proved that for the non-thermal spectrum there are correlations between the
radiations, and thus a queue of corrected radiations can transmit encoded information. According to careful
calculations of entropy taken out by the emitted particles, they found that the black hole as tunneling is an
entropy conservation process. Thus, they concluded that the black hole evaporation process is unitary. After
their work, a lot of papers [12–17] extended this method to other backgrounds, such as quantum corrected
black hole [16] and non-commutated black hole [14]. Of great interest, all the reexaminations arrived at the
same conclusion that information leaks out through the radiation, and the total entropy is conserved. So,
their method may provide a possibility to solve the “information loss paradox”. Therefore, it is worthy to
check whether the radiation spectrum is non-thermal or not.
On the other hand, based on the Hamilton-Jacobi method beyond semiclassical approximation, R. Banerjee
and B. R. Majhi [18] computed all quantum corrections in the single particle action revealing that these are
proportional to the usual semiclassical contribution. They gave a quantum modified Hawking temperature
and entropy. After their work, many papers appeared to discuss the quantum corrections to temperature and
entropy for different backgrounds [19–25]. Especially, for this quantum corrected case, D. Singleton et al. [26]
used the same method introduced in Ref. [11] to study the “information loss paradox”, and they also found
that the total information will be carried away by the correlations of the outgoing radiations when the black
hole evaporates completely. However, some authors [27, 28] argued that there are no quantum corrections to
the Hawking temperature and entropy if one chooses the standard definition of the particle energy. And all
the corrections are found to be the contributions to the particle energy. This choice is reasonable because it
3keeps the validity of the first law of the thermodynamics. Thus, a dispute, whether the Hawking temperature
and entropy are modified or not, is caused.
It is worthy to note that Zhang et al. have compared the non-corrected thermal and non-thermal spectra,
and they found the thermal spectrum can be distinguished with the non-thermal spectrum from their distinctly
different energy covariances [29]. However, as introduced above, the puzzles of Hawking radiation are not just
whether the radiation spectrum is thermal or not, they also contains other cases, such as whether the spectrum
is quantum corrected or not, even the quantum corrected spectra, if there are quantum corrections to spectrum,
is temperature-corrected or not. So, it is needed to consider all possible radiation spectra, and give a complete
analysis. In this paper, we focus our attentions on these puzzles of Hawking radiation introduced above, and
try to find out whether the radiation spectrum is thermal or non-thermal with or without high order quantum
corrections.
Our paper is constructed as follows: In section II, we simply discuss different radiation spectra coming
from taking account of different conditions. In section III, we try to analyze the “information loss paradox”
based on the temperature-corrected and the energy-corrected non-thermal spectra. In section IV, we compare
the average emission energies, average numbers of emissions, and average emission energy fluctuations for
the non-corrected thermal spectrum and quantum corrected thermal spectra. In section V, we compare the
average emission energies et al. for the temperature-corrected thermal (non-thermal) spectrum with that for
the energy-corrected thermal (non-thermal) spectrum. In section VI we give an analysis of energy covariances
for the thermal spectra and non-thermal spectra. We finally summarize our conclusions in section VII.
II. INTRODUCTION ABOUT DIFFERENT RADIATION SPECTRA
There are six kinds of radiation spectra for black hole, i.e., non-corrected thermal and non-thermal spec-
tra, temperature-corrected thermal and non-thermal spectra, and energy-corrected thermal and non-thermal
spectra. We now listed them in the following.
A. Non-corrected thermal and non-thermal spectra
For the Schwarzschild black hole, the first obtained spectrum [1, 2] is
ΓT ∼ exp
[
−8piεM
~
]
, (1)
4which denotes the possibility of radiating a particle with energy ε from the black hole with the massM, and
it is obviously a thermal spectrum.
On the other hand, considering the energy conservation law during the evaporation process, Parikh and
Wilczek [10] gave a non-thermal spectrum expressed as
ΓNT ∼ exp
[
−8piε
~
(M− ε
2
)
]
. (2)
Obviously, if we omit ε2 correction, Eq. (2) will go back to Eq. (1).
B. Temperature-corrected thermal and non-thermal spectra
Banerjee and Majhi [18], from the Hamilton-Jacobi method beyond semiclassical approximation, got an
quantum corrected spectrum
ΓTCT ∼ exp
[
−8piεM
~
(
1 +
∑
i
βi
~
i
M2i
)]
= exp
[
−8piεM
~
(
1− α~M2
)−1]
, (3)
where we have taken βi = α
i as Ref. [18]. Let’s note that this choice is consistent with the result by considering
the one loop back reaction effects in the spacetime [30, 31]. Moreover, the coefficient α is related to the trace
anomaly. Using conformal field theory techniques, Fursaev et al. [32] showed that for the Schwarzschild black
hole α is
α = − 1
360pi
(−N0 − 7
4
N 1
2
+ 13N1 +
233
4
N 3
2
− 212N2
)
, (4)
where Ns denotes the number of fields with spin ‘s’.
Analogously, by using the connection between the tunneling rate (3) and the change in entropy given in
Ref. [10], one can also get the non-thermal spectrum with high order quantum corrections
ΓTCNT ∼
(−α+ (M− ε)2/~
−α+M2/~
)4piα
exp
[
−8piε
~
(M− ε
2
)]
. (5)
Eqs. (3) and (5) will respectively go back to Eqs. (1) and (2) when α = 0, i.e., when there are no quantum
corrections.
5C. Energy-corrected thermal and non-thermal spectra
In the above discussions, the authors in Ref. [18] have assumed that the energy of emitted particles is
defined by
ε = −∂tI0, (6)
in which I0 is the action of emitted particle without quantum corrections. Therefore, using Γ ∼ e−ε/T ′ ,
they [18] get a quantum corrected Hawking temperature by Hamilton-Jacobi method beyond semiclassical
approximation, which is given by
T ′ =
~
8piM
(
1 +
∑
i
βi
~
i
M2i
)−1
. (7)
We call this the temperature-corrected case. It is worthy to note that their method has been discussed and
extended widely [19–25].
However, we think that, in these discussions, we should use the standard definition of particle energy in
curved spacetime [33]
ε′ = −Pµξµ = −ξµ∂µI, (8)
where I is the action of the emitted particle and ξµ is a timelike Killing vector. By using the Hamilton-Jacobi
method beyond semiclassical approximation, we find that the particle energy is ε′ = ε(1 +
∑
i βi
~
i
M2i
) and
then the Hawking temperature is
T =
~
8piM . (9)
Obviously, it is the standard Hawking temperature. This implies that, provided we take the standard definition
of the particle energy, the Hawking temperature is not modified by the quantum tunneling beyond semiclassical
approximation. Besides, according to S =
∫
1
T dM, the entropy can be obtained as
SBH =
4piM2
~
, (10)
which is not modified too. Because the particle energy ε′ in this case is different from ε, we call it the energy-
corrected case. For the energy-corrected case, the possibility of emitted particles for thermal spectrum can be
expressed as
ΓECT ∼ exp
[
−8piεM
~
(
1 +
∑
i
βi
~
i
M2i
)]
= exp
[
−8piMε
′
~
]
. (11)
6Considering the energy conservation law, we can also obtain the possibility of emitted particles for non-
thermal spectrum expressed as
ΓECNT ∼ exp
[
−8piε
′
~
(M− ε
′
2
)
]
. (12)
Compared with the non-corrected thermal and non-thermal spectra (1) and (2), the energy-corrected ther-
mal and non-thermal spectra (11) and (12) have the only difference, the radiation energy. For the former case
it is ε, while for the latter case it is ε′ = ε
(
1 +
∑
i βi
~
i
M2i
)
.
Above discussions show us that there are several different spectra for the Schwarzschild black hole. The non-
thermal spectra result from the energy conservation law, while quantum corrections come from the Hamilton-
Jacobi method beyond semiclassical approximation (considering all quantum corrections). Furthermore, for
the quantum corrected cases, different energy definitions of radiation particle can result in different Hawking
temperature and entropy. In this regard, it is interesting to note that both the temperature and entropy
of black hole are not modified by the quantum tunneling beyond semiclassical approximation if we use the
standard definition of the particle energy ε′ = −Pµξµ.
For the Schwarzschild black hole, so many spectra seem to be possible. One may ask which spectrum is
real. In the following, we will review how to solve the “information loss paradox” based on the temperature-
corrected non-thermal spectrum and the energy-corrected one, and then study the features of the six different
spectra with the hope of distinguishing them.
III. SOLUTIONS TO INFORMATION PARADOX OF BLACK HOLE
An obvious difference between the non-thermal spectra and thermal spectra is that sequential emissions
are correlated for the non-thermal spectra, while that for the thermal spectra are not. What’s more, these
correlations can reveal where the black hole information goes. Through a careful counting of the entropy taken
out by the emitted particles, the black hole radiation as tunneling is proved to be an entropy conservation
process. Zhang, Cai, You and Zhan [11] have proved that, using the non-corrected non-thermal spectrum,
the information is leaking out through the radiations, and the black hole evaporation process is unitary. We
will show that, using the temperature-corrected non-thermal spectrum and the energy-corrected one, the
information is also leaking out through the radiations, and the black hole evaporation process is still unitary.
These give possible resolutions to the “information paradox” under specific conditions.
7A. Solution to information paradox through temperature-corrected non-thermal spectrum
Considering all quantum corrections in the single particle action, together with choosing particle energy
ε = −∂tI0, for a black hole with massM one can get a quantum corrected temperature
T ′ =
~
8piM
(
1− α~M2
)
, (13)
and entropy
S′BH =
∫
1
T ′
dM = 4piM
2
~
+ 4piα ln
[
1− M
2
α~
]
. (14)
As showed in Ref. [11], the entropy of the first emission with an energy ε1 from a black hole of massM is
STCNT(ε1) = − lnΓTCNT(ε1)
=
8piε1
~
(M− ε1
2
)− 4piα ln [−α+ (M− ε1)2/~−α+M2/~
]
. (15)
The conditional entropy of a second emission with an energy ε2 after the ε1 emission is
STCNT(ε2 | ε1) = − lnΓTCNT(ε2 | ε1)
=
8piε2
~
(M− ε1 − ε2
2
)− 4piα ln [−α+ (M− ε1 − ε2)2/~−α+ (M− ε1)2/~
]
. (16)
Repeating the process, we will find that the entropy of a Hawking emission, at an energy εi, conditional on
the earlier emissions labeled by ε1, ε2,..., and εi−1, is of
STCNT(εi | ε1, ε2, ..., εi−1) = 8piεi
~
(M− i−1∑
j=1
εj − εi
2
)
−4piα ln
[
−α+ (M−∑i−1j=1 εj − εi)2/~
−α+ (M−∑i−1j=1 εj)2/~
]
. (17)
Then, we can calculate the total entropy taken away by the emissions (ε1, ε2,..., εn,) that exhaust the initial
black hole (M =∑ni=1 εi), which is
STCNT(ε1, ε2, ..., εn) =
n∑
i=1
STCNT(εi | ε1, ε2, ..., εi−1)
= 4pi
M2
~
+ 4piα ln
[
1− M
2
α~
]
= S′BH. (18)
Eq. (18) suggests that the entropy of all emitted Hawking radiations is equal to the entropy of the black hole,
which implies no information is lost in the process of Hawking radiation. However, we should point out that
the entropy (18) is not the entropy of the initial Schwarzschild black hole, SBH = 4piM2/~.
8B. Solution to information paradox through energy-corrected non-thermal spectrum
From Eq. (10), we know that the entropy, although by considering all quantum corrections in the single
particle action, is not modified if we choose the standard definition of particle energy. For this case, the
entropy of a Hawking emission, at an energy ε′i, conditional on the earlier emissions labeled by ε
′
1, ε
′
2, ..., and
ε′i−1, is of
SECNT(ε
′
i | ε′1, ε′2, ..., ε′i−1) =
8piε′i
~
(M− i−1∑
j=1
ε′j −
ε′i
2
)
. (19)
Thus, after the black hole evaporates completely, the total entropy for a given sequence of emissions (ε′1, ε
′
2,
..., ε′n) with M =
∑n
i=1 ε
′
i is
SECNT(ε
′
1, ε
′
2, ..., ε
′
n) =
n∑
i=1
SECNT(ε
′
i | ε′1, ε′2, ..., ε′i−1)
=
4piM2
~
= SBH. (20)
We can see from Eq. (20) that the entropy of all emitted Hawking radiation is equal to the entropy of the
initial black hole, which implies no information is lost in the process of Hawking radiation.
Above discussions show us that both the temperature-corrected non-thermal spectrum and the energy-
corrected one can provide a possible way to solve the information paradox.
IV. FEATURES OF THERMAL SPECTRA WITH OR WITHOUT HIGH ORDER QUANTUM
CORRECTIONS
Given a queue of emissions, we can calculate the average energies and the covariances of the emitted radia-
tions for the different spectra: thermal and non-thermal with or without quantum corrections (temperature-
or energy-corrected). These are studied below after introducing suitable units for discussing the Hawking
radiations and their associated properties.
To prepare for numerical comparison of the observables associated with these spectra, we need to normalize
them according to ∫ M
0
Γ(ε)dε = 1. (21)
Meanwhile, because the spectrum for Hawking radiation is a function of physical quantities from very large
quantity ( c ) to very small ones (~ and G), a convenient modus is to introduce some dimensionless quantities,
such as dimensionless mass M =M/MP =M/
√
~ and energy E = ε/κbTP = ε/
√
~. This is because ~, by
9assuming G = c = κB = 1, is of the order of square of the Planck Mass MP [18]. After doing this, we can
rewrite the three thermal spectra introduced above in terms of dimensionless form as
Non− corrected : ΓT(E) = M exp(−ME)
1− exp(−8piM2) , (22)
Temperature− corrected : ΓTCT(E) =
M3 exp
[−ME(1− αM2 )−1]
(M2 − α)(1 − exp [ 8piM4α−M2 ]) , (23)
Energy− corrected : ΓECT(E) =
M exp(−ME(1− αM2 )−1)
1− exp(−8piM2) . (24)
where E ∈ [0, 8piM ].
To make sure that the leading order correction to entropy is the same with that found earlier in Refs.
[34, 35] by a statistical method, we also take α = − 14pi hereafter. In Fig. 1 we compare the three thermal
spectra (22), (23) and (24) for the Schwarzschild black hole at the Planck mass scale. It is shown that there are
few difference between them, especial between the temperature-corrected spectrum and the energy-corrected
spectrum, they almost stay the same.
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FIG. 1: (color online) The three thermal spectra are compared for a black hole at the Planck mass scale. The red
solid, green dot-dashed and blue dashed lines respectively refer to the temperature-corrected, the energy-corrected and
non-corrected thermal spectrum.
A. Average energies for non-corrected, temperature-corrected and energy-corrected thermal spectra
In units of MP , we compute the average energy of Hawking radiations at any instant. For the thermal
spectrum without corrections, we have
〈E(M)〉T =
(
M +
8piM3
e8piM2 − 1− 8piM2
)−1
. (25)
It is easy to find that 〈E(M)〉T approaches 4piM for M ≪ 1 and 1/M for M ≫ 1.
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For the temperature-corrected thermal spectrum, we find
〈E(M)〉TCT =
 M3(e 8piM4α−M2 − 1)
α−M2 + e 8piM
4
α−M2 (M2 − α+ 8piM4)
−1 . (26)
This quantity also approaches 4piM when M ≪ 1, and approaches 1/M when M ≫ 1.
For the energy-corrected thermal spectrum, the average energy is of
〈E′(M)〉ECT =
(
M +
8piM3
e8piM2 − 1− 8piM2
)−1
. (27)
It is interesting to note that it is the same with (25).
We plot these three average energies of emitted particles in Fig. 2 as a function of the dimensionless mass
M . It is shown that the average energy for the temperature-corrected case is noticeably different from that
for the other two cases only near the Planck mass scale.
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FIG. 2: (color online) The average emission energies for the temperature-corrected thermal spectrum (Red solid line),
the energy-corrected thermal spectrum (Green dot-dashed line) and the non-corrected thermal spectrum (Blue dashed
line).
B. Average number of radiations for non-corrected, temperature-corrected and energy-corrected
thermal spectra
For a black hole with mass M , the average number of radiations, according to the average energy (25), can
be obtained for the non-corrected thermal spectrum approximately as
NT(M) =
8piM
〈E(M)〉T
=
8piM2(e8piM
2 − 1)
e8piM2 − 1− 8piM2 . (28)
We should pointed out that the result given in Ref. [29] may have a typos.
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For the temperature-corrected thermal spectrum, we obtain the corresponding average number of radiations
according to (26),
NTCT(M) =
8piM
〈E(M)〉TCT
=
8piM4(e
8piM4
α−M2 − 1)
α−M2 + e 8piM
4
α−M2 (M2 − α+ 8piM4)
. (29)
Based on (27), for the energy-corrected thermal spectrum we have its corresponding average number of
radiations
NECT(M) =
8piM
〈E′(M)〉ECT =
8piM2(e8piM
2 − 1)
e8piM2 − 1− 8piM2 . (30)
It is interesting to note that the non-corrected case and the energy-corrected case give the same average
number of radiations, this directly derives from their same average energies of emitted particles (25) and (27).
Furthermore, Eqs. (28), (29) and (30) give the same limits, 8piM2 for M ≫ 1 and 2 for M ≪ 1.
In Fig. 3, we show the average number of emissions for the three thermal spectra. Above the Planck
mass scale, the average number of emissions increases rapidly with the black hole mass. However, for the
small Planck mass scale, it remains nearly a constant. Moreover, the average number of emissions for the
temperature-corrected case almost has no difference with that of the other two cases.
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FIG. 3: (color online) The average number of emissions for the temperature-corrected thermal spectrum (Red solid
line), the energy-corrected thermal spectrum (Green dot-dashed line) and the non-corrected thermal spectrum (Blue
dashed line).
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C. Standard deviations of emission energies for non-corrected, temperature-corrected and
energy-corrected thermal spectra
We now calculate the standard deviations of the emission energies, and we find for the non-corrected thermal
spectrum
δE2T(M) = 〈E2(M)〉T − 〈E(M)〉2T
=
(cosh 8piM2 − 1− 32pi2M2)csch24piM2
2M2
, (31)
which has two limits, 16pi2M2/3 for M ≪ 1 and 1/M2 for M ≫ 1.
Analogously, for the temperature-corrected thermal spectrum, we find its corresponding standard deviations
of the emission energies
δE2TCT(M) = (
1
M
− α
M3
)2 − 64pi2M2 exp(
8pim4
α−M2 )
(exp( 8pim
4
α−M2 )− 1)2
, (32)
whose large and small M limits are the same with that of Eq. (31).
For the energy-corrected thermal spectrum, the standard deviations of the emission energies is of
δE′2ECT(M) =
(cosh 8piM2 − 1− 32pi2M2)csch24piM2
2M2
. (33)
It is worthy to note that the standard deviations (33) is the same with that for the non-corrected thermal
spectrum described by Eq. (31).
Fig. 4 shows the standard deviations of the emission energies for the three cases (31), (32) and (33). Clearly,
these features illustrates the dependence of the variances on the average energy.
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FIG. 4: (color online) The radiation energy variances for the temperature-corrected thermal spectrum (Red solid line),
the energy-corrected thermal spectrum (Green dot-dashed line) and the non-corrected thermal spectrum (Blue dashed
line).
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From our analysis, we find no obvious differences between the temperature-corrected thermal spectrum and
the non-corrected thermal spectrum (the energy-corrected thermal spectrum) except for tiny black holes with
masses near the Planck mass scale. Especially, the three compared quantities for the energy-corrected thermal
spectrum are completely the same with that for the non-corrected thermal spectrum.
V. COMPARING FEATURES OF QUANTUM CORRECTED THERMAL AND
NON-THERMAL SPECTRA
Considering the energy conservation law, the radiation spectra is non-thermal [10]. This non-thermal feature
shows that the emissions particles is correlated, and it provides a possible way to explain where the information
goes during the evaporation process of black hole [11, 12], while the thermal spectra can not. Therefore, it
is significant to distinguish thermal spectrum and non-thermal spectrum. In the following, we will compare
four quantum corrected spectra: the temperature-corrected thermal spectrum, the temperature-corrected non-
thermal spectrum, the energy-corrected thermal spectrum and the energy-corrected non-thermal spectrum.
By using the dimensionless quantities M and E, for the temperature-corrected non-thermal spectrum we
find
ΓTCNT = Λ(M)
(−α+ (M − E/8pi)
−α+M2
)4piα
exp
[
−E(M − E
16pi
)
]
, (34)
where Λ(M) =
(∫ 8piM
0
exp[−E(M− E16pi )](
−α+(M−E/8pi)
−α+M2
)
−4piα dE
)−1
is the normalization constant.
For the energy-corrected non-thermal spectrum, it is of
ΓECNT =
1
4
√
piF[2
√
piM ]
exp
[
−E(1− α
M2
)−1
(
M − E
16pi
(1− α
M2
)−1
)]
, (35)
where F[x] is Dawson function.
Fig. 5 compares the non-thermal spectra (34) and (35) with the thermal spectra (23) and (24) for a black
hole at the Planck mass scale. It is shown that the difference between the non-thermal spectra and the thermal
spectra concentrated near E ∼ TM/M2P with the equivalent Hawking radiation temperature TM for a black
hole of mass M measured in units of MP .
14
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FIG. 5: (color online) The four spectra compared for a black hole at the Planck mass scale. The red solid, blue dashed,
green dashed and purple dashed lines respectively refers to the temperature-corrected non-thermal, energy-corrected
non-thermal, temperature-corrected thermal and energy-corrected thermal spectra.
A. Average energies for temperature-corrected and energy-corrected non-thermal spectra
In units of MP , as for a fixed mass black hole, we calculate the average energy of Hawking emissions for
the temperature-corrected non-thermal case, which is
〈E(M)〉TCNT =
∫ 8piM
0
E
Λ(M) exp
[−E(M − E16pi )](
−α+(M−E/8pi)
−α+M2
)−4piα dE. (36)
For the energy-corrected non-thermal case, the corresponding average energy of Hawking emissions is
〈E′(M)〉ECNT = 8piM − 4(e
4piM2 − 1)
Er[2
√
piM ]
, (37)
where Er[x] is Error function. Interestingly, Eq. (37) has the same limits with that of Eq. (27) for M ≪ 1
and M ≫ 1.
We plot Eqs. (26), (27), (36) and (37) as a function of dimensionless mass M in Fig. 6. Which illustrates
that the distinguishable feature between the non-thermal spectra and the thermal spectra is only near the
Planck mass scale. Besides, it is also near the Planck mass scale where the temperature-corrected spectra and
the energy-corrected spectra have the noticeable difference.
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FIG. 6: (color online) The average emission energies for the temperature-corrected non-thermal spectrum (Red solid
line), the energy-corrected non-thermal spectrum (Blue dashed line), the temperature-corrected thermal spectrum
(Green dashed line) and the energy-corrected thermal spectrum (Purple dashed line).
B. Average number of radiations for temperature-corrected and energy-corrected non-thermal
spectra
According to the average energies Eqs. (36) and (37), it is easy to obtain the average number of radiations
emitted from a black hole with mass M . For the temperature-corrected non-thermal spectrum, it is of
NTCNT(M) =
8piM
〈E(M)〉TCNT =
8piM∫ 8piM
0
E
Λ(M) exp[−E(M− E16pi )](
−α+(M−E/8pi)
−α+M2
)
−4piα dE
. (38)
For the energy-corrected non-thermal spectrum, the average number of emitted particles is of
NECNT(M) =
2piMEr[2
√
piM ]
2piMEr[2
√
piM ]− (e4piM2 − 1) . (39)
It approaches 2 and 8piM2 for M ≪ 1 and M ≫ 1, respectively. And these limits are the same with that of
Eqs. (29) and (30).
In Fig. 7, we compare the average number of emissions (29), (30), (38) and (39). We find that for the small
Planck mass scale the average number for all the four cases remains nearly a constant. Above the Planck
mass scale, however, the average number of emissions increases rapidly with the increase of black hole mass.
Furthermore, we can seen from Fig. 7 that average number of emissions for the four thermal spectra has no
noticeable difference except for near the Planck mass scale.
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FIG. 7: (color online) The average number of emissions for the temperature-corrected non-thermal spectrum (Red
solid line), the energy-corrected non-thermal spectrum (Blue dashed line), the temperature-corrected thermal spectrum
(Green dashed line) and the energy-corrected thermal spectrum (Purple dashed line).
C. Standard deviations of emission energies for temperature-corrected and energy-corrected
non-thermal spectra
We now analyse the standard deviations of the emission energies. For the temperature-corrected non-thermal
spectrum, we find
δE2TCNT(M) = 〈E2(M)〉TCNT − 〈E(M)〉2TCNT
=
∫ 8piM
0
E2
Λ(M) exp
[−E(M − E16pi )](
−α+(M−E/8pi)
−α+M2
)−4piα dE
−
(∫ 8piM
0
E
Λ(M) exp
[−E(M − E16pi )](
−α+(M−E/8pi)
−α+M2
)−4piα dE
)2
. (40)
And for the energy-corrected non-thermal spectrum, we find
δE′2ECNT(E) =
8piEr[2
√
piM ]
(
4Me4piM
2 − Er[2√piM ])− 16(e4piM2 − 1)2
Er2[2
√
piM ]
. (41)
This quantity has two limits, 16pi2M2/3 for M ≪ 1 and 1/M2 for M ≫ 1.
Fig. 8 compares the Eqs. (32), (33), (40) and (41). Which tells us that the noticeable difference between
the thermal and the non-thermal spectra exists only near the Planck mass scale. These features illustrates
the dependence of the variance on the average energy.
According to our extensive analysis, we find that there is no drastic difference between the four spectra,
the temperature-corrected thermal (non-thermal) spectrum, the energy-corrected thermal (non-thermal) spec-
trum, except for tiny black holes with masses near the Planck mass scale. Therefore, one would conclude that
it is essentially impossible to experimentally distinguish the temperature-corrected thermal (non-thermal)
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FIG. 8: (color online) The radiation energy variances for the temperature-corrected non-thermal spectrum (Red solid
line), the energy-corrected non-thermal spectrum (Blue dashed line), the temperature-corrected thermal spectrum
(Green dashed line) and the energy-corrected thermal spectrum (Purple dashed line).
spectrum from the energy-corrected thermal (non-thermal) one. And then the puzzles of Hawking radiation,
whether information can be carried out from a black hole by correlations hidden in the emissions, whether the
radiation spectrum has the high order quantum corrections, and the corrections are temperature-corrected
or energy-corrected, still perplexes us. Nevertheless, we demonstrate below that information stored in the
correlations of Hawking radiations from the non-thermal spectrum can indeed be observed through a counting
of the emission energy covariances. Moreover, the emission energy covariances for the temperature-corrected
non-thermal spectrum and the energy-corrected non-thermal spectrum have distinctly different maximums.
VI. ENERGY COVARIANCES
It is well known that for the thermal spectrum individual emissions are uncorrelated [36], and one
thus expects a vanishing covariance. Indeed, according to calculations, we obtain 〈Ei(M)〉T(TCT,ECT) =
〈Ej 6=i(M)〉T(TCT,ECT) = 〈E(M)〉T(TCT,ECT) when individual emission energies are averaged over an ideal
blackbody spectrum. So, we finally obtain
δE
2(cov)
T(TCT,ECT) = 〈Ei(M)Ej 6=i(M)〉T(TCT,ECT) − 〈Ei(M)〉T(TCT,ECT)〈Ej 6=i(M)〉T(TCT,ECT)
= 0. (42)
For the non-thermal spectra, we find that the average cross energy therm 〈Ei(M)Ej 6=i(M)〉, due to the
existence of correlations between emissions, is nontrivial. And this quantity is strongly correlated with the
probability for two emissions, one at an energy Ei and another at an energy Ej . In this regard, let’s note that
the possibility satisfies ΓNT(E1, E2) = ΓNT(E1+E2) for an extensive list of black holes as shown in Ref. [11].
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What’s more, a recursive use of this relation allows us to show
ΓNT(E1, E2) = ΓNT(E1 + E2) = ΓNT(E˜1, E1 + E2 − E˜1), (43)
as long as E1+E2−E˜1 > 0, or the probability for emissions E1, E2, E3, ... is the same as the probability for the
emission of a single radiation with an energy
∑
j Ej . Obviously, this probability distribution is symmetric with
respect to any permutations of the individual emission indices. Thus it allows us to work within one sector
and define the normalized probability subjected to the energy conservation constraint
∑
j Ej ∈ [0, 8piM ].
According to the above analysis, for multiple emissions Eqs. (34) and (35) thus can be rewritten as
ΓTCNT(
∑
j
Ej) ∼
(−α+ (M −∑j Ej/8pi)
−α+M2
)4piα
exp
−∑
j
Ej(M −
∑
j Ej
16pi
)
 , (44)
and
ΓECNT(
∑
j
E′j) ∼ exp
−∑
j
Ej(1− α
M2
)−1
(
M −
∑
j Ej
16pi
(1− α
M2
)−1
) , (45)
which is symmetric with respect to all permutations of indices. However, unlike Eqs. (34) and (35), we must
normalize ΓTCNT(ECNT)(E1, E2, E3, ...) according to
∫ 8piM
0
dE1
∫ 8piM−E1
0
dE2...ΓTCNT(ECNT)(E1, E2, E3, ...) =
1. Doing like this, for the energy-corrected non-thermal spectrum we finally give the normalization constant
1/8pi(−1 + e−4piM2(1 + 2piMEr[2√piM ])), (46)
for the case of two emissions with energies E1 and E2, and for the temperature-corrected non-thermal spectrum
its normalization constant is of
Λ2(M) =
(∫ 8piM
0
∫ 8piM−E1
0
exp
[−(E1 + E2)(M − E1+E216pi )](
−α+(M−(E1+E2)/8pi)
−α+M2
)−4piα dE2dE1
)−1
. (47)
A. Energy covariance for temperature-corrected non-thermal spectrum
The covariances of successive emissions for the temperature-corrected non-thermal spectrum can be obtained
δE
2(cov)
TCNT(M) = 〈E1(M)E2(M)〉TCNT − 〈E1(M)〉TCNT〈E2(M)〉TCNT
=
∫ 8piM
0
∫ 8piM−E1
0
E1E2
Λ2(M) exp
[−(E1 + E2)(M − E1+E216pi )](
−α+(M−(E1+E2)/8pi)
−α+M2
)−4piα dE2dE1
−
(∫ 8piM
0
E1
Λ(M) exp
[−E1(M − E116pi )](
−α+(M−E1/8pi)
−α+M2
)−4piα dE1
)
×
(∫ 8piM
0
E2
Λ(M) exp
[−E2(M − E216pi )](
−α+(M−E2/8pi)
−α+M2
)−4piα dE2
)
. (48)
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Here, it is needed to point out that we cannot get an analytical formula, so we give a numerical integral in
the following figure.
B. Energy covariance for energy-corrected non-thermal spectrum
For the energy-corrected non-thermal spectrum, its corresponding energy covariance for two successive
emissions is of
δE
′2(cov)
ECNT (M) = 〈E′1(M)E′2(M)〉ECNT − 〈E′1(M)〉ECNT〈E′2(M)〉ECNT
=
8
3
pi
(
4piM2 − 1 + piM(8M − Er[2
√
piM ])
1− e4piM2 + 2piMEr[2√piM ]
)
−
(
4− 4e4piM2 + 8piMEr[2√piM ])2
Er2[2
√
piM ]
, (49)
which has two limits,
δE
′2(cov)
ECNT (M → 0) ∼ −
32pi2M2
3
+
96pi3M4
5
+ ..., (50)
δE
′2(cov)
ECNT (M →∞) ∼ −
29
16piM4
. (51)
Let’s note that Eq. (49) is the same with that for the non-corrected non-thermal spectrum obtained in Ref.
[29].
We can see from Fig. 9 that the covariances approaches their maximums also near the Planck mass scale,
no matter for the temperature-corrected case or the energy-corrected case. However, they have different
maximums, and the maximum covariance for the temperature-corrected non-thermal spectrum is bigger than
that of the energy-corrected non-thermal one. Furthermore, it is interesting that both the covariances vanish
at small or large masses. As discussed in Fig. 7, for both the quantum corrected spectra their average number
of emissions become limited (for instance, two emissions) when the mass is small. Thus, the covariances vanish
at the small mass limit. Which is consistent with the approximate analytical result for the energy-corrected
non-thermal spectrum given in Eq. (50) when M ≪ 1. For large masses, the covariances decrease quickly, and
finally approach zero for extremely large mass. This results from the sharp decrease of the average emission
energies illustrated in Fig. 6. Furthermore, the correlation between the two emissions is proportional to their
product. As a result of that, it is reasonable that the covariances decrease at the large mass limit.
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FIG. 9: (color online) The covariance of successive emissions is nontrivial for the non-thermal spectra. The red line
represents the temperature-corrected case, and the blue dashed one represents the energy-corrected case.
VII. DISCUSSIONS AND CONCLUSIONS
We investigate the long-standing “information loss paradox” and the features of the non-corrected thermal
(non-thermal) spectrum and the temperature-corrected (energy-corrected) thermal (non-thermal) spectrum.
Our analysis show that the largest covariances of successive emissions appear near the Planck mass scale, i.e.,
for the temperature-corrected non-thermal spectrum δE
2(cov)
TCNT ∼ 5.4 for M ∼ 0.77MP , and for the energy-
corrected non-thermal spectrum δE
2(cov)
ECNT ∼ 2.5 for M ∼ 0.67MP 1. Here we give an open problem that the
possibility of different radiation spectra discussed above may also exist for other black hole systems, such
as the micro black holes model discussed extensively in connection with the experiments of the CERN large
Hadron Collider (LHC) [37–41]. According to research [41], it is estimated that the minimum black hole mass
should be in the range of 3.5− 4.5 TeV for pp collisions at a center-of-mass energy of 7 TeV at LHC. Based
on it, a more recent study [42] showed that the limits on the minimum semiclassical black hole and string-ball
masses in the range 3.8 to 5.3TeV for a wide range of model parameters. So, if the radiation of a micro black
hole were observed, then it may be possible to use the energy covariances as a indicator to determine whether
the emission spectrum is non-thermal or not, and whether the emission spectrum is temperature-corrected
or not. Also note that the energy scale about the production and observation of micro black holes is being
debated [43]. Thus, when and whether the micro black holes could be observed on Earth, especially in a
1 For D dimensional Schwarzschild black hole, the fundamental Planck scale is reduced depending on the compact space of
volume VD−4, e.g., the reduced Planck scale MP ∼ 1TeV with D = 10 and V6 ∼ fm
6 [37]
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LHC experiment, needs a lot of work. On the other hand, other kinds of manmade black holes, such as those
implemented or discussed with optical, acoustic, and cold-atomic systems [44–48], are being discussed, and
several experiments [45–48] had shown evidence of Hawking radiation from the event horizon. Therefore, the
same problems we discussed above are also worthy of being studied in these real radiation systems.
We have discussed several radiation spectra of Schwarzschild black hole, the non-corrected thermal (non-
thermal) spectrum, the temperature-corrected thermal (non-thermal) spectrum, and the energy-corrected
thermal (non-thermal) spectrum. We emphasize that the non-thermal property of radiation spectra comes from
taking account of the energy conservation during the evaporation process, and the quantum corrections results
from the Hamilton-Jacobi method beyond semiclassical approximation. Furthermore, we use the temperature-
corrected non-thermal spectrum and the energy-corrected one to solve the long-standing “information loss
paradox” of black hole. We find that the entropy of the emitted particles, which exhaust the initial black
hole, is identical to the original entropy of the black hole, thus entropy is conserved between the initial (black
hole plus no radiation) and final (no black hole plus radiation field quanta) states. Which reveals that no
information is lost, and the black hole evaporation process in unitary. These discussions, therefore, may
provide a possible way to understand the “information loss paradox”.
To distinguish different radiation spectra, their corresponding average emission energies, average numbers
of emissions and average emission energy fluctuations are compared. It is found that there are no obvious
differences between them except for near the Planck mass scale. Especially, the energy-corrected spectra have
the same corresponding average emission energies, average numbers of emissions and average emission energy
fluctuations with that for the non-corrected spectra. Of great interest, we find that for all the thermal spectra
the energy covariances of Hawking radiations completely vanish, while they are nontrivial for all the non-
thermal spectra. Especially, the temperature-corrected non-thermal spectrum and the energy-corrected one
have distinctly different maximums of energy covariances. As a result of that, these differences provide a way
towards experimentally studying the long-standing puzzles of Hawking radiation that whether the radiation
spectrum of black hole is thermal or non-thermal with or without high order quantum corrections.
Acknowledgments
This work was supported by the National Natural Science Foundation of China under Grant Nos. 11175065,
10935013; the National Basic Research of China under Grant No. 2010CB833004; the Hunan Provincial
22
Natural Science Foundation of China under Grant No. 11JJ7001; Hunan Provincial Innovation Foundation
For Postgraduate under Grant No CX2012B202; the Construct Program of the National Key Discipline.
[1] S. W. Hawking, Nature (London) 248, 30 (1974).
[2] S. W. Hawking, Commun. Math. Phys 43, 199 (1975).
[3] W. G. Unruh, Phys. Rev. D 14, 870 (1976).
[4] D. N. Page, Phys. Rev. D 13, 198 (1976).
[5] L. M. Krauss and F. Wilczek, Phys. Rev. Lett. 62, 1221 (1989).
[6] J. D. Bekenstein, Phys. Rev. Lett. 70, 3680 (1993).
[7] G. T. Horowitz and J. Maldacena, J. High Energy Phys. 02 (2004) 008.
[8] S. W. Hawking, Phys. Rev. D 72, 084013 (2005).
[9] E. D. Belokolos and M. V. Teslyk, Classical Quantum Gravity 26, 235008 (2009).
[10] M. K. Parikh and F. Wilczek, Phys. Rev. Lett. 85, 5042 (2000).
[11] B. Zhang, Q. Cai, L. You and M. Zhan, Phys. Lett. B 675, 98 (2009).
[12] B. Zhang, Q. Cai, M. Zhan and L. You, Annals of Physics (NewYork) 326, (2011) 350-363.
[13] B. Zhang, Q. Cai, and M. Zhan, Chinese Phys. Lett. 29, 020401 (2012).
[14] B. Zhang, Q. Cai, M. Zhan and L. You, EPL (Europhysics Letters), 94, (2011) 20002.
[15] K. Nozari and S. H. Mehdipour, EPL (Europhysics Letters), 84 (2008) 20008.
[16] Y. Chen and K. Shao, Phys. Lett. B 678 (2009) 131-134.
[17] W. Israel and Z. Yun, Phys. Rev. D, 82, 124036 (2010).
[18] R. Banerjee and B. R. Majhi, J. High Energy Phys. 06 (2008) 095.
[19] K. Lin and Sh. Yang, EPL (Europhysics Letters), 86 (2009) 20006.
[20] T. Zhu, J. Ren and M. Li, Journal of Cosmology and Astroparticle Physics 2009 (2009) 010.
[21] B. R. Majhi, Phys. Rev. D, 79, 044005 (2009).
[22] S. K. Modak, Phys. Lett. B, 671 (2009) 167-173.
[23] K. Jiang, T. Feng and D. Peng, Int J Theor Phys 48 (2009) 2112-2121.
[24] Q. Jiang, Y. Han and X. Cai, J. High Energy Phys. 2010 (2010) 49.
[25] B. Mirza and Z. Shekatghanad, Phys. Rev. D 83, 104001 (2011).
[26] D. Singleton, E. C. Vagenas, T. Zhu and J. Ren, J. High Energy Phys. 08 (2010) 089, 01 (2011) 021.
[27] M. Wang, Ch. Ding, S. Chen and J. Jing, Gen Relativ Gravit, 42 (2010) 347-357.
[28] A. Yale, Eur. Phys. J. C, 71, (2011) 1622.
[29] B. Zhang, Q. Cai, M. Zhan and L. You, Phys. Rev. D 87, 044006 (2013).
23
[30] J. K. York, Jr., Phys. Rev. D 31, 775 (1985).
[31] C. O. Lousto and N. G. Sanchez, Phys. Lett. B 212 411 (1988).
[32] D. V. Fursaev, phys. Rev. D 51, 5352 (1995).
[33] Modeling Black Hole Evaporation, edited by A. Fabbri and J. N. Salas (Imperial College Press, London, 2005) p.
54.
[34] S. Das, P. Majumdar and P. K. Bhaduri, Class. and Quant. Grav. 19 (2002) 2355.
[35] S. S. More, Class. and Quant. Grav. 22 (2005) 4192.
[36] S. W. Hawking, Phys. Rev. D 14, 2460 (1976).
[37] S. B. Giddings and S. Thomas, Phys. Rev. D 65, 056010 (2002).
[38] R. Emparan, G. T. Horowitz, and R. C. Myers, Phys. Rev. Lett 85, 499 (2000).
[39] S. Dimopoulos and G. Landsberg, Phys. Rev. lett 87, 161602 (2001).
[40] P. Meade and L. Randall, J. High Energy Phys. 05 (2008) 003.
[41] CMS Collaboration, Phys. Lett. B 697 434 (2011).
[42] The CMS Collaboration, J. High Energy Phys. 04 (2012) 061.
[43] J. Mureika, P. Nicolini and E. Spallucci, Phys. Rev. D 85, 106007 (2012).
[44] W. G. Unruh, Phys. Rev. Lett. 46, 1351 (1981).
[45] F. Belgiorno, S. L. Cacciatori, M. Clerici, V. Gorini, G. Ortenzi, L. Rizzi, E. Rubino, V. G. Sala, and D. Faccio,
Phys. Rev. Lett. 105, 203901 (2010).
[46] G. Rousseaux, C. Mathis, P. Ma¨ıssa, T. G. Philbin, and U. Leonhardt, New J. Phys. 10, 053015 (2008).
[47] S. Weinfurtner, E. W. Tedford, M. C. J. Penrice, W. G. Unruh, and G. A. Lawrence, Phys. Rev. Lett. 106, 021302
(2011).
[48] O. Lahav, A. Itah, A. Blumkin, C. Gordon, S. Rinott, A. Zayats, and J. Steinhauer, Phys. Rev. Lett. 105, 240401
(2010).
